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Abstract 

The foundations for a thermo-statistical description of the called non extensive Hamiltonian systems are reconsidered. The 
relevance of the parametric resonance as a fundamental mechanism of the Hamiltonian chaoticity in those systems with bound 
motions in the configurational space is discussed. The universality of this mechanism suggests us the possibility of performing 
a thermo-statistical description with microcanonical basis in the context of the long-range interacting Hamiltonian systems. 
The concept of selfsimilarity is proposed as an appropriate generalization of the well-known extensive conditions exhibited by 
the traditional systems, which is used to justify a given generalized thermodynamic formalism starting from the consideration 
of the microcanonical ensemble, i.e. the nonextensive Statistics of Tsallis. These ideas are illustrated by considering a recent 
proposed astrophysical model based on the quasi-ergodic character of the microscopic dynamics of these paradigmatic examples 
of real long-range interacting systems. 

PACS numbers: 05.70.-a; 05.20.Gg 



I. INTRODUCTION 

It is well-known that the divergence of the macro- 
scopic response functions at the critical point of the 
ferromagnetic-paramagnetic second order phase transi- 
tion is associated at the microscopic level with the di- 
vergence of the correlation length ^ among the systems 
constituents, phenomenon interpreted as the establish- 
ment of a long-range order. At the dynamical frame- 
work, the divergence of ^ also provokes a weakening of 
the equilibration mechanisms (often diffusion), leading 
to a divergence of the relaxation time Tr when T tends 
to the critical temperature T^. The characterization of 
the system properties in the neighborhood of the phase 
transition has demanded an improvement of the Thermo- 
Statistical methods which has leaded to the application 
of the Renormalization Group theory [l| . All that effort 
has been done to deal with the long-range correlations 
existing at the critical point. 

Let us now imagine a situation where all those points 
representing the thermodynamic equilibrium states of a 
given system are dominated by the existence of long- 
range correlations which are similar to the one discussed 
in the above example. Obviously, the study of the ther- 
modynamic quantities in this context should be domi- 
nated by the presence of many anomalous behaviors from 
the traditional point of view, representing important dif- 
ficulties for the classical formulations of the Thermody- 
namics and the Statistical Mechanics. This last possibil- 
ity is not a fictitious situation, contrary, this is a feature 
of the called non extensive systems. 
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The non extensive systems are those non necessarily 
composed by a huge number of constituents, they could 
be mesoscopic or even small systems, where the charac- 
teristic radio of some underlaying interaction is compa- 
rable or larger than the characteristic linear dimension 
of the system, particularity leading to the non existence 
of statistical independence due to the presence of long- 
range correlations. In the last years a significant volume 
of evidences of thermodynamic anomalous behaviors are 
been found in the study of the non screened plasmas and 
the turbulent diffusion; astrophysical systems; nuclear, 
molecular and atomic clusters; granular matter and com- 
pkx systems 0111111110, 8, 9, 10,|Il[ll[ll[ll[ll 
[la | . How different are the thermodynamical properties of 
the non extensive systems can be understood throughout 
the following examples. 

According to the classical point of view, phase transi- 
tions only appear in the thermodynamic limit [iTJ . How- 
ever, recent studies have shown the existence of authen- 
tic phase transitions in small and mesoscopic systems. 
A paradigmatic example is the nuclear multifragmenta- 
tion, phenomenon observed during the peripheral colli- 
sions of heavy ions, where a hundred of nucleons is in- 
volved, which is interpreted, to the light of the new de- 
velopments, as a first order phase transition |18lll9l |. 

It is usual to find in this context equilibrium thermo- 
dynamic states which are characterized by the presence 
of a negative heat capacity, that is, thermodynamic states 
where an increment of the total energy leads to a decreas- 
ing of the temperature. This behavior is associated to the 
convexity of the entropy and the corresponding ensemble 
inequivalence. This anomalous behavior could appear as 
a consequence of the small character of the systems, i.e. 
during the first order phase transition in molecular and 
atomic clusters 20j, or because of the long-range char- 
acter of the interactions, i.e. the astrophysical systems 



The presence of long-range correlations also leads to 
the existence of relaxation mechanisms different from the 
ones operating in the traditional systems. A paradig- 
matic example is the called violent relaxation, very im- 
portant to understand the evolution and structuration 
of the astrophysical systems [22 • This mechanism is a 
very fast equilibration process whose final state depends 
on the initial conditions, and although it does not co- 
incide with the Boltzmann-Gibss equilibrium, its relax- 
ation time Tr is very large and in many cases diverges 
with the imposition of the thermodynamic limit. The 
divergence of the relaxation time provokes the non com- 
mutativity of the thermodynamic limit N ^ oo and the 
infinite time limit t —^ oo necessary for the equilibration 
of the systems, and this fact is particularly important 
when metastable states are present [23, l24L l25l l26 j . 

The influence of some external conditions in the exten- 
sive systems, i.e. the form of the container, only appears 
as a boundary effect, which do not change the bulk prop- 
erties. Contrary, the existence of long-range correlations 
in the nonextensive systems leads to a strong dependence 
of the thermodynamics properties on every external in- 
fluence. This dependence of the thermodynamic descrip- 
tion on the external conditions could be dramatic in some 
cases, such as the astrophysical systems. A selfgravitat- 
ing system at a given energetic state with a negative heat 
capacity can be in a stable thermodynamic state when- 
ever the system be isolated (microcanonical description) . 
However, the contact of the system with a heat bath at 
the same energetic state provokes its gravitational col- 
lapse 21] as a consequence of the ensemble inequivalence. 

The study of the nonextensive systems constitutes an 
interesting and fascinating challenge for the develop- 
ments of the Thermodynamics and Statistical Mechan- 
ics. The purpose of the present study is to discuss some 
aspects about the foundations of the macroscopic de- 
scription of the Hamiltonian systems, which are very im- 
portant in physical applications and where the classical 
formulations of the Thermo-statistics were established. 
This choice also obeys to the available detailed knowl- 
edge about the features of their microscopic dynamics, 
where we pay a special attention to the study of the as- 
trophysical systems, paradigmatic examples of the real 
non extensive systems. 



II. FROM MICROPHYSICS TO MACRO- 
PHYSICS 



The statistical entropy is closely related with the justi- 
fication of a thermodynamic formalism according to the 
viewpoint of Jaynes about the reformulation of the Ther- 
modynamics in terms of the Information Theory of Shan- 
non [23, I23, I23 • However, the entropy as a measure of 
the information is a vague concept, character leading to 
its nonuniqueness. The clear manifestation of this char- 
acter is found in the plethora of entropic forms appearing 



in the scientific literature with different purposes, among 
them, t he g eneralization of the thermodynamic formal- 
ism jSfl IsJ, I33, HI, 113 ■ The interest is to derive an ap- 
propriate macroscopic description for the non extensive 
Hamiltonian systems starting from the general character- 
istics of their microscopic dynamics. This aim could be 
mainly carried out by considering two alternative frame- 
works. 

The first framework is the study of the nonequilibrium 
processes by considering certain macroscopic dynamical 
equations. A central question is how to derive some ap- 
propriate irreversible dynamical equations from the exact 
microscopic reversible dynamics (i.e. the Liuville dynam- 
ics J33) and the justification of a given entropic form by 
considering a generalization of the Boltzmann _ff-theorem 
^36., ,37j . Although this is a very difficult way, this at- 
tempt is the most important because of it is related with 
the justification of the Second Principle of Thermody- 
namics. 

The second one is the study of the processes in thermo- 
dynamic equilibrium. The equilibrium thermo-statistical 
description of the nonlinear Hamiltonian systems with 
many degrees of freedom can be performed by consider- 
ing the microcanonical ensemble [Sq . whose justification 
relies on the er godic p roperties of the microscopic dy- 
namics m m E IM El El- As elsewhere discussed, 
the connection of this ensemble with the thermodynamic 
formalism is derived from the general properties of the 
macroscopic observables, i.e. the well-known extensive 
conditions of the traditional systems 36]. In this work 
we will concentrate our analysis in this kind of frame- 
work. 



III. MICROSCOPIC FOUNDATIONS 

The impredictability associated with the dynamical 
sensibility under small changes in the initial conditions, 
the called Hamiltonian Chaos, is considered a neces- 
sary ingredient in the justification of the celebrate Er- 
godic Hypothesis which supports the tendency towards 
the equilibrium in most of nonintegrable systems with 
many degrees of freedom and justifies the applicability of 
the microcanonical ensemble in the Hamiltonian context 

mililillillillii. 

This is clearly illustrated in systems with low dimen- 
sionality such as the Ne..l2 molecular complex ,4^ shown 
in FIG^ During the energy increasing of the system, the 
Lyapunov exponent shows a transition from a stable dy- 
namics towards a unstable one, while simultaneously the 
Poincare Surface Sections show a transition from regular 
motions towards irregular ones, where an arbitrary tra- 
jectory spreads uniformly in the whole accessible phase 
space for a given energy. 

Although the sufficient conditions for the existence of 
an irreversible behavior justifying a statistical descrip- 
tion of the macroscopic observables have been mathe- 
matically shown only for some abstract models, there 
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FIG. 1: Relation between ergodicity and chaoticity in the 
Ne..l2 molecule: Lyapunov exponents and the Poincare sur- 
face sections for different values of the total energy. 



is a general consensus that from the physical viewpoint 
most of the nonlinear dynamical systems with many de- 
grees of freedom are chaotic enough for justifying a relax- 
ation dynamics at least towards a quasi-stationary stage 
pM I45L l4q . ^What happen when we move to the con- 
text of the non extensive Hamiltonian systems? That is, 
/, Which are the microscopic mechanisms relevant in the 
case of the long-range interacting systems leading to the 
chaoticity of the Hamiltonian dynamics and allow us to 
justify a thermostatistical description in this context? 

The answers of these questions could be found by con- 
sidering the recently proposed Geometrical formalism of 
the Hamiltonian Chaos |4^ based on the well-known re- 
formulation of the Hamiltonian dynamics in terms of the 
Riemannian Geometry J43|. As elsewhere discussed, in 
this methodology the stability or instability of the sys- 
tem trajectories depends on the curvature properties of 
some suitable defined manifold, feature allowing us to 
unify the explanation about the origin of chaos with the 
most extended quantity for its characterization: the Lya- 
punov exponents. 

According to this formalism, the fundamental tool for 
describing the dynamical sensibility is the called Jacobi- 
Levi-Civita equation |49j|. which adopts a very simple 
form for the special case of systems with two degrees 
of freedom: 



S + i^b(-)]e = o, 



(1) 



being s the length of the trajectory q (s) in the manifold, 
TZ, the scalar curvature of the configurational space, and 
^, a quantity describing the spreading of two infinitely 
close trajectories. This last equation allows us to un- 



derstand in a simple fashion the origin of the Hamilto- 
nian chaos: Chaoticity can appear as a local effect due 
to the existence of a negative curvature 7?. in a given re- 
gion of the configurational space, or as a dynamical effect 
associated to the periodic or quasi-periodic character of 
the system motions in bound configurations whenever the 
curvature TZ be positive, the called mechanism of para- 
metric resonance |50j. 

The results obtained by using this methodology in dif- 
ferent contexts suggest us that the parametric resonance 
is possibly the most extended mechanism to induce the 
chaoticity in systems with bound motions in the config- 
urational space piL Htj I . The incidence of the parametric 
resonance does not depend on the short-range or long- 
range character of the underlying interactions. This is 
the reason why this mechanism should be also relevant 
in the case of the non extensive Hamiltonian systems, 
which have been corroborated in recent studies |5lL l53 | . 

Taking into account the general consensus discussed 
above, the universality of the microscopic mechanism of 
chaoticity shows that the long-range interacting Hamilto- 
nian systems satisfy those necessary condition justifying 
a thermo-statistical description in the same fashion of the 
traditional systems, suggesting us the great relevance of 
a thermo-statistical description with microcanonical ba- 
sis in this context. Such universality is reinforced by 
considering all those conclusions and ideas derived from 
the assumption of the Chaotic and Topological Hypothe- 
ses. The first hypothesis puts on the same level, for what 
concerns the statistical description of macroscopic prop- 
erties, chaotic many degrees of freedom dynamical sys- 
tems and Anosov systems ^ |3(1 153] . and the second one 
establishes that both the origin of the chaoticity of the 
microscopic dynamics and the phase transitions at the 
macroscopic level depend on the geometrical and topo- 
logical structure of the configurational space |5J| . 



IV. MACROSCOPIC FOUNDATIONS 

The microcanonical ensemble is properly a dynamical 
ensemble, where all the macroscopic observables derived 
from it have a direct mechanical interpretation. This is 
the reason why this ensemble represents a direct connec- 
tion between the microscopic and macroscopic descrip- 
tions of the Hamiltonian systems in thermodynamic equi- 
librium, constituting a solid way in the thermo-statistical 
characterization of these systems without considering 
anything outside the Mechanics. 

This is precisely the viewpoint of Boltzmann, Gibbs, 
Einstein and Ehrenfest, who showed the hierarchical pri- 
macy of the microcanonical ensemble in regard with the 
Canonical and Gran canonical ensembles 5^ .56.. .57- .58| , 



^ Among the abstract models, the Anosov systems are those char- 
acterized by the strongest statistical properties. 



which can be derived from the first one by considering the 
extensive conditions ^2i, i^ Hl| ■ As elsewhere discussed, 
the extensive conditions are implemented by taking into 
consideration the well-known Gibbs argument about a 
subsystem with a weakly interaction with a heat bath, 
or the ensemble equivalence in the thermodynamic limit 

1^- . . .. 

^Could this extensive conditions be generalized in or- 
der to allow a natural extension of the traditional formal- 
ism starting from microcanonical basis? The affirmative 
answer to this question leads to the self similarity concept 
and the notion about a generalized canonical ensemble. 
Since the separability in subsystems can not be ensured 
for non extensive systems due to the long-range corre- 
lations existing in this context, the Gibbs argument is 
extremely limited in order to allowing such a general- 
ization. Thus, the ensemble equivalence in the thermo- 
dynamic limit has a more general applicability in deriv- 
ing an appropriate thermo-statistical description of the 
Hamiltonian non extensive systems. 



A. Selfsimilarity scaling laws 

The extensive character of the traditional systems is 
manifested during the scaling transformation of the sys- 
tem size iV in a times, N — > aN, operation leading to 
a similar scaling behavior of certain fundamental set of 
macroscopic observables such as the total energy E, the 
system volume V, etc. This physical quantities are or- 
dinarily referred as extensive observables. This scaling 
operation leads to an exponential growing of the num- 
ber of microscopic states (or the accessible phase space 
volume) W = W{E, N, V) of the form: 



N (a) = aN 
E (a) = aE 
V (a) = aV 



W[a] = W°', 



(2) 



mathematical property leading to the extensive character 
of the Boltzmann entropy Sb = In W: 



W = exp [alnP^] => Sb {a) ^ uSb- 



(3) 



Of course, the extensivity appears asyntotically with the 
imposition of the thermodynamic limit: 

E N 

N tends to infinity, keeping — and — fixed. (4) 

A natural extension of extensivity leads to the consid- 
eration of certain multiplicative uniparametric group T^ , 
TaTp = TajS, acting on those fundamental macroscopic 
observables / determining the microcanonical macro- 
scopic state, which leads to a scaling transformation Fa 
of the number of microscopic configurations W = W {I) 
whose form does not depend on the macroscopic state: 



We say that a given system exhibits a scaling self- 
similarity when this kind of symmetry appears during 
the scaling operation. 

A rigorous mathematical definition of selfsimilarity can 
be established as follows. Let us consider a n-dimensional 
Euclidean space Ai and a map W : M ^ TZ'^ relating 
every point / G Al with a positive real number w = 
W (/) e TZ^ . It is said that the map W exhibits a scaling 
selfsimilarity if there is a uniparametric subgroup pM 
belonging to the group of the automorphism of the space 
M: 



satisfying the following properties: 



(6) 



i) PM is a multiplicative group, that is, Va, /? G TZ'^ 

^ TaTf3 = Ta0. 

ii) V Ta & Pm and V / G A^, there exists a positive 
real function Fa ■ 7?.+ -^ 7^+ obeying the relation 

W[Ta{I)]^Fa[W{I)]. 

iii) Vx, y g 7?.+ there is only one function Fa G pn sat- 
isfying the relation x = Fa {y), being p-ji the set 
composed by all the functions Fa above referred: 



Pn - {Fa ■■ 7^^ 



7^^ 



G7^+} 



(7) 



Now on pM will be referred as the group of the scaling 
selfsimilarity transformations of the space A4, being a 
the scaling parameter. The condition ii) establishes an 
isomorphic correspondence /C : pM -^ Pn. among the el- 
ements Ta G Pm E^nd the functions Fa G pn- Properties 
ii) and iii) allow us to say that p-ji is a subgroup of the 
group of automorphism of TZ^ . 

Let us consider two arbitrary transformations Ta,Tfj G 
pMj the transformation Tap = TaTp, as well as their cor- 
responding isomorphic applications Fa^Fp and F^^ in the 
group pTi. The following transformations are straightfor- 
wardly derived from the property ii): 



W [TaTp (/)] = W [Ta {Tfil)] - Fa [W {Tpl)] 
= Fa [FpW (/)] - FaFp [W (/)] , 

Taking into account the relation: 

W [TaTp (/)] = W {Tap (/)) = Fap [W (/)] 

we obtain the following result: 



Fa Fa 



F, 



a/3- 



(8) 



(9) 



(10) 



/ {a) ^Tal^W [a] = Fa (W) 



(5) 



Therefore, the correspondence /C defines a homomor- 
phism between the groups pM and p-jz- 

Let us now consider an arbitrary point xq G 7?.^ and 
denote by J^o (a) its image point 3^o («) = Fa (xq) asso- 
ciated with the scaling transformation Ta . The property 



iii) allows us to say that the function y — yo (a) is in- 
vertible in regard with the scaling parameter a because 
of there is only one scaling transformation relating the 
points y and xo . Let y^ [y] be the inverse of the func- 
tion 3^0 (ck)i ct = yQ [yo (a)]. Taking into account that 
F^p{xo) = yoiaP) = F^[Fp{xo)] = F„[3^o(/3)], and 
substituting the identity (3 = y^^ [yo (/?)], we obtain the 
relation F„ [yo {(3)] = 3^o (a% [3^o (/3)])- Since /? is an 
arbitrary positive real number, we set x — yo (/?) and 
rewrite the last relation in the form: 



F^ (x) = yo [a%"' i^)] 



(11) 



Obviously, the function Fa {x) does not depend on the 
selection of the point xq used for defining the function 
3^0 (a). Considering another point xi and denoting by 
3^1 (a) the function 3^i (a) = F^ (xi), the property iii) 
ensures the existence of a unique positive real number 
f3 satisfying the relation xi — Fp (xo) = 3^0 (P), so that 
(3 — y^ {xi). Substituting x by xi in the equation (|ll|l : 



Fa (xi) - 3^0 [ayo' (xi)] 
= 3^0 (a/3) = 3^1 (a) 



(12) 



and applying the inverse function yQ (x), the relation 
3^o~^o3^i = P^ is obtained, being X the identity func- 
tion. Analogue reasonings lead to the relation yi^oyo = 
P~^T, and hence: 

3^1 {x) = f3yo {x) . (13) 

Therefore, the equation Hll|l can be rewritten as: 



Fa {x) = y [ay-^ {x)] , 



(14) 



where the function y (x) is determined till the precision 
of a constant factor. 

It has been shown in this way that the selfsimilarity 
scaling transformation Fa (W) could be rewritten by us- 
ing certain function y (x) in an analogue fashion that the 
exponential function in the equation |(2Jl considers the ex- 
ponential growing of the number of microscopic config- 
urations W in the extensive systems. We say that the 
function y (x) determines the selfsimilarity scaling law 
of the system. 



B. Generalized Boltzmann Principle 

The Boltzmann entropy is derived from the Shannon- 
Boltzmann-Gibbs extensive entropy [271123. l29| : 



S 



BG 



^Pfclnpfe 



by considering the equalprobability property which char- 
acterizes the microcanonical description. The logarith- 
mic dependence is essential to support the additivity of 
the entropy under the consideration of a close system 
composed by two independent subsystems A and B: 



SiA(SB)^SiA) + S{B). 



(16) 



(15) 



According to the Kinchin postulates [23, the exten- 
sive entropy is the only one entropic form satisfying si- 
multaneously the additivity and concavity conditions. 
Many authors think that the additivity of the exten- 
sive entropy is the origin of its non applicability to the 
non extensive systems, being this idea the main motiva- 
tion for the consideration of many others entropic forms 
[sol I31L I33. [33. 1341 by generalizing the fourth Kinchin 
postulate J29|. 

Outside the Information Theory context, the logarith- 
mic dependence of the extensive entropy is related with 
the wide variety of behaviors obeying exponential laws. 
Among them, there are two very relevant: (1) the expo- 
nential sensibility of the dynamical trajectories and (2) 
the exponential growing of the accessible volume W with 
the increasing of the system size. 

As elsewhere discussed, the dynamical sensibility can 
be quantified by using the Lyapunov exponents. This 
last quantity is intimately related with another measure 
used for characterizing the chaos based on the considera- 
tion of the Shannon-Boltzmann-Gibbs extensive entropy: 
the Komolgorov-Sinai entropy. According to the theory 
of dynamical systems, the Komolgorov-Sinai entropy is 
numerically equal to the average value of the positive 
Lyapunov exponents on the attractor points [63, Ifill , ev- 
idence suggesting a strong connection between the char- 
acter of the dynamical sensibility and the entropic form 
relevant at the macroscopic scale. This last possibility 
has been recently used in order to justify a generalized 
entropic form by considering a non exponential sensibil- 
ity of the microscopic dynamics ^, ^, ^, .62, 3^ ^\ ■ 

As already shown, the exponential growing of the ac- 
cessible volume W during the scaling transformation 
leads to the extensivity of the Boltzmann entropy, be- 
ing this an essential condition in order to ensure the 
equivalence between the microcanonical ensemble and 
the Canonical or Gran canonical ensembles during the 
imposition of the thermodynamic limit. This ensemble 
equivalence supports the Legendre transformation among 
the thermodynamic potentials in which is based the ther- 
modynamic formalism 36]. Our opinion is that the log- 
arithmic form of the Boltzmann entropy can not be an 
ad hoc definition. Contrary, such logarithmic form of the 
Boltzmann entropy is determined from, the exponential 
growing of the accessible volume W during the scaling 
transformations. 

Taking into consideration this last idea, the existence 
of selfsimilarity in a given non extensive system should 
lead to assume a generalized form for the Boltzmann en- 
tropy compatible with the underlaying selfsimilarity seal- 



ing law. The analogy between the equations @ and H14() 
suggests us the consideration of the following generalized 
Boltzmann Principle: 






C{W), 



(17) 



where C (x) is the inverse of the function y (x) which 
determines the selfsimilarity scaling law of the system, 

Assuming a generic statistical entropy with the follow- 
ing trace form: 



Sh[p] = ^h{pk). 



(18) 



and considering a given system with a number W of 
equiprobablc microscopic states (a microcanonical de- 
scription with pk — l/W), the identification of this mi- 
crocanonical entropy with the generalized Boltzmann en- 
tropy ((T7|l : 



Sh [p: 



,mc\ - ^ * '^ I TTF 



C(W), 



(19) 



leads to assume the following generalized statistical en- 
tropy compatible with the selfsimilarity of a given system: 






(20) 



This last statistical entropy should be considered as the 
starting point for the derivation of a generalized Canon- 
ical ensemble and the generalization of the thermody- 
namic formalism. As already discussed, the thermody- 
namic formalism should be derived from the analysis of 
the conditions for the ensemble equivalence in the ther- 
modynamic limit. Such thermodynamic limit can not be 
arbitrarily introduced, contrary, it should be compatible 
with the underlying scaling selfsimilarity. 



C. Some generalized Statistics 

Most of the Hamiltonian systems with a practical in- 
terest should exhibit an exponential growing of the ac- 
cessible phase space volume W with the increasing of the 
system degrees of freedom. This result could be easily 
shown by considering a generic Hamiltonian system of 
the form: 



ii{^.V)^Y.\''''^^)'P^V,^y{q) 



(21) 



where i = l;2,...n, and q — [q^ , q^ , . . . q'^) represents 
the coordinates in the configurational space. The micro- 
canonical accessible phase space volume W: 



W ^Se 



d'^qd'^p 



S[E-H{q,p)]. 



(22) 



can be rewritten after the integration over the momenta 
as follows: 



W = 



Se 
rjn) 



M 



d^J. (g) 

E-V{q)' 



being dii{q) = \/\gij {q)\d"q the volume element of the 
configurational space manifold M derived from the con- 
figurational space with the consideration of the Jacobi 
metric: 



ds' 



with 



g,, (q) dq^dq^ ^2[E-V {q)] a,, {q) dq'dq^ , (23) 



M] (q) = (a'^ (q)) ■ Since, ^/\g^jJqj\ oc 

[E—V{q)]^"', the increasing of the system degrees of 
freedom n leads to an exponential growing of W . Inter- 
estingly, the chaoticity of such Hamiltonian dynamics can 
be described by using the Jacobi-Levi-Civita equation of 
the Geometrical formalism fl?], whose linear character 
leads also to the exponential character of the dynamical 
sensibility of the system trajectories. 

According to our selfsimilarity viewpoint, the above 
observations suggest strongly that the classical Thermo- 
statistics is still applicable to many non extensive sys- 
tems, that is, the existence of long-range correlations due 
to the presence of long-range interactions in the potential 
energy V (q) is not a sufficient condition for invaliding the 
applicability of the Shanonn-Boltzmann-Gibbs extensive 
entropy in this context. Of course, some additional re- 
quirements are demanded in order to consider the non 
extensivity of the energy and other integrals of motions 
determining the macroscopic state. The complete de- 
scription of the specific exponential selfsimilarity obeyed 
by a given system demands also the determination of the 
scaling transformation group Tq acting on the fundamen- 
tal macroscopic observables, question not considered in 
this paper. 

Since not all Hamiltonian systems should obey the 
generic form (|21l) . not all Hamiltonian systems should 
necessarily satisfy exponential selfsimilarity scaling laws. 
We have shown in ref.T(T| that the consideration of a 
Hamiltonian system with an underlying potential scaling 
law should be described by the following g-generalized 
Boltzmann entropy: 



{Sb)^ = In, W 



VFi-«- 1 
1-9 ' 



(24) 



associated with the popular Tsallis nonextensive entropy 



Ep'^h(^) = -E^^i-. 



Pk, 



iq-ir'j2{Pk-pi). 



(25) 



We used here the q-logarithmic function In, x = e^^ {x), 
which satisfies the identity lug (^) = —x''~^\nqX. Such 



functions become in the ordinary exponential and loga- 
rithmic functions when q = I. 

It is remarkable that many results derived from the 
Tsallis nonextensive Statistics should be obtained in a 
natural fashion from the selfsimilarity ideas, i.e. the q- 
expectation values, the generalized Legendre transforma- 
tion, etc., where the enigmatic entropic index q could be 
obtained from an optimization procedure without con- 
sidering anything outside the Mechanics [73. Unfortu- 
nately, we do not known any example of a Hamiltonian 
system satisfying a potential selfsimilarity scaling law, so 
that, the applicability of the Tsallis Statistics is still an 
open problem. There are some experimental and theoret- 
ical studies suggesting that the Tsallis formalism could 
be useful for describing nonequilibrium situations in long- 
range interacting Hamiltonian systems in metastable 
states [TIIIzIiIZS- The entropic index q have been related 
with a potential sensibility of the microscopic dynamics 
in the onset of chaos 64, 65, 66, 67, 68, 69] described by 
a generic tangent dynamics of the form: 

§ = A,C',e(0)-l^^W-e,(A,t), (26) 
recovering the ordinary exponential sensibility for q — 1. 



V. ASTROPHYSICAL SYSTEMS 

An important applicability framework of the above 
ideas could be found in the study of the astrophysical sys- 
tems. As elsewhere discussed, the astrophysical systems 
exhibit many similarities in their structural and the dy- 
namical behaviors which are independent from the scale 
where such processes take place, i.e. Vacoulers and Sercic 
laws, the velocity distribut ion, violent relaxation, gravi- 
tational collapse 124, J5, JStlHlzllziiSl- The existence 
of such regularities could be only explained by the inci- 
dence of certain relaxation mechanisms leading these sys- 
tems to quasi-stationary configurations, which, in prin- 
ciple, could be described by using a thermo-statistical 
description. 

However, in spite of the Gravitation is the oldest 
known physical interaction, it possesses very important 
singularities that do not allow us to perform a rigorous 
thermo-statistical description of the astrophysical sys- 
tems. We refer to the well-known short-range and long- 
range singularities of the Newtonian gravitational inter- 
action. 

The short-range singularity is the divergence of the 
gravitational potential ip (r) when r — > allowing to 
a given finite total energy the existence of microscopic 
configurations with infinite absolute values of the kinetic 
and potential total energies, which are characterized by 
exhibiting a very dense core with central density pc ^ 00 
and a diluted halo (collapsed configurations). The long- 
range singularity is related with the long-range character 
of the gravitational interaction: although (f (r) drops to 
zero when r —f oo^ the vanishing is very slow, feature 
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FIG. 2: Quasi-stationary evolution in a gas of binary encoun- 
ters driven by a particle evaporation. 



leading to the existence of long-range correlations among 
the constituent particles because of the infinite value of 
the interaction radio. 

These singularities have the following important con- 
sequences: (1) existence of a gravitational collapse at low 
energies, (2) the non extensive character of the astrophys- 
ical systems due to the infinite radio of the gravitational 
interaction, (3) macroscopic configurations characterized 
by the presence of a negative heat capacity which does 
not disappear with the imposition of the thermodynamic 
limit, and the consequent ensemble inequivalence, (4) the 
incidence of a particle evaporation and a incomplete re- 
laxation of the system, (5) the missing of a real thermo- 
dynamic equilibrium and the dynamical ergodicity due 
to the non enclosed character of the system motion. 

The application of a thermo-statistical description in 
this context demands a close analysis of the underlying 
microscopic picture, where it is very important to under- 
stand the role of the particle evaporation in the nature of 
the macroscopic characterization of the astrophysical sys- 
tems. FIG|5]shows the entropy-energy diagram obtained 
from the dynamical study [8l| of a modified version of 
the well-known Spitzer-Harm model used for justifying 
the Michie-Kin g rn odel of globular clusters and ellipti- 
cal galaxies [73, IZli U^ 1^3 ■ We observe here that every 
dynamical trajectory (dot lines) tries to follow certain 
sequence (solid line) which is independent of the initial 
conditions. This behavior accounts for the existence of 
a quasi-stationary evolution which is established with- 
out mattering how intense is the evaporation, although 
it depends on every detail of the microscopic dynamics 

Thus, the thermo-statistical description of the astro- 
physical system should start from the consideration of the 
quasi-stationary character of the evolution of these sys- 




energy 

FIG. 3: Thermo-statistical description of the alternative ver- 
sion of the Antonov isothermal model: central density and 
inverse temperature (inserted graph) versus energy. 



terns as well as the incidence of several relaxation mecha- 
nism, such as the binary collisions 80] and the parametric 
resonance i5^ already commented in section Hill Recent 
studies showed that the characteristic chaotization time 
Teh of the dynamical trajectories of such systems is de- 
termined by the incidence of the parametric resonance 
|5lL l53| , which talks about certain predominance of this 
relaxation mechanism over the binary encounters: 



Teh 



« Tcoll 



(27) 



~ O.lTmicN/ \nN is the characteristic re- 
laxation time derived from the consideration of the bi- 
nary collisions, T„iic — 1/^/Gpc, the characteristic mi- 
croscopic time, and pc, the characteristic density of the 
system. This results suggests us that those astrophysi- 
cal systems with a collisionless dynamical evolution are 
chaotic enough for supporting a thermo-statistical de- 
scription based on a quasi-ergodicity of the microscopic 
dynamics 52 ]. 

The above macroscopic foundations were used in or- 
der to implement an alternative version of the Antonov 
isothermal model 82] which keeps several similarities 
with the Michie-King model [zi IZ3 IH III Hi • Remark- 
ably, this description performs a realistic characterization 
of the phenomena taking place in this context by using 
a purely thermodynamic language. FIG|21 shows the de- 
pendence of the central density versus the total energy 



of the system, as well as the caloric curve (inverse tem- 
perature P versus energy), which shows the existence of 
a gravitational collapse and the persistence of thermody- 
namic states with negative head capacity at low energies. 
We present here the specific selfsimilarity scaling laws 
exhibited by this model system [82], relevant in the case 
of the gas of identical non relativistic point particles in- 
teracting by means of the Newtonian gravity: 



N{a) 
E{a) 
L (a) = a 



aN 
a3 E 



W{a)=e^p[a\nW], (28) 



where L is the characteristic linear dimension of the sys- 
tem. Notice that although this scaling transformation 
differs from the one acting on the extensive systems, 
they exhibit the same exponential selfsimilarity scaling 
law, and consequently, the selfsimilarity properties of 
the astrophysical systems support the applicability of 
the Boltzmann-Gibbs statistics. The relevant thermo- 
dynamic limit in this case is that remaining unchanged 
under the scaling transformations H28|l : 



E 1 

to tend N ^ oo, keeping fixed — - and LN^ . (29) 

The above thermodynamic limit has been also obtained 
by other investigators |83], although it differs from the 
one reported by other authors 84]. The essential differ- 
ence among them is based on the fact that these results 
were obtained by considering other suppositions, such as 
the one obtained by using the well-known Kac criterion 



rp T 

to tend N ^ oo, keeping fixed — and — , (30) 

where the model parameters are a priory scaled by some 
power of the system size N in order to deal with an exten- 
sive total energy. According to our opinion, the Kac cri- 
terion is an unphysical assumption because of, although 
the extensive character of the total energy is forced, the 
system remains essentially nonextensive since it could not 
be divided into independent subsystem even in the ther- 
modynamic limit. Besides, the scaling of the system pa- 
rameters affects the characteristic temporal scale of the 
evolution. 

Taking into account the above estimation of the re- 
laxation time derived from the consideration of binary 
encounters: 



Trel 



L3 N 

GMhTiv' 



(31) 



it can be verified that Tj-ei remains finite when the ther- 
modynamic limit derived from the selfsimilarity (|29|) is 



imposed (dismissing the logarithmic factor with zero- 
order of growing) , while it diverges when the one associ- 
ated with the Kac criterion Ip^Hjl is considered . Such dy- 
namical anomaly implies the noncommutativity between 
the thermodynamic limit and the infinite time limit nec- 
essary for the macroscopic equilibration: 



N 



lim lim {Fn)t^ lim jim {Fn)t 



T^ooN- 
T 



where {Fn)t = ^ / ^iv fe (<) ,P{t)] dt. 
^ Jo 



(32) 



Therefore, the non consideration of selfsimilarity could 
provoke the persistence of certain states apparently 
metastable |23, |2J, |2^ |2g in a given numerical study, 
while actually the characteristic temporal scale of the sys- 
tem evolution has been arbitrarily dilated, leading in this 
way to an apparent divergence of the relaxation times. 



VI. CONCLUSIONS 

Universality of the chaoticity mechanism present in the 
Hamiltonian dynamics seems to support the general ap- 
plicability of a thermo-statistical description with micro- 
canonical basis in this context, including also the long- 
range interacting systems. Therefore, the microcanonical 
ensemble can be considered as a safety starting point in 
order to carry out an appropriate generalization of the 
Statistical Mechanics for the Hamiltonian non extensive 
systems. Nevertheless, in spite of the ergodic properties 
of the Hamiltonian dynamics support a generic charac- 



terization in this context, only a deep knowledge about 
the features of the microscopic picture leads us to a con- 
sequent characterization of the macroscopic properties of 
a given system, i.e. the incidence of the evaporation in 
the astrophysical systems. 

The concept of scaling selfsimilarity have been pro- 
posed as an appropriate generalization of the extensive 
properties of the traditional systems. Selfsimilarity is 
just a general symmetry of the macroscopic description 
exhibited under the scaling transformations of the system 
size. Apparently, selfsimilarity manifests itself in every 
macroscopic behavior of the system, even in the macro- 
scopic dynamics, i.e. the finite character of the relaxation 
times under the imposition of the thermodynamic limit 
compatible with the system selfsimilarity. Our analysis of 
Tsallis Statistics [T^ , as well as the study of the thermo- 
statistical characterization of the astrophysical systems 
[821, show the relevance of the scaling selfsimilarity as 
a sufhcient condition in order to justify an appropriate 
thermodynamic formalism in the context of the nonex- 
tensive Hamiltonian systems. 

Most of systems with a practical interest exhibit ex- 
ponential selfsimilarity scaling laws, and therefore, the 
usual Boltzmann-Gibbs statistics should be applicable in 
many situations in spite of such systems are dominated 
by long-range interactions. An open question in this sub- 
ject is how to develop a practical methodology for deriv- 
ing the specific selfsimilarity scaling transformation T^ 
acting on those macroscopic observables determining the 
macroscopic state of the system. Such a question will be 
considered in our forthcoming paper. 
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